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Quantum mechanics describes the unitary time evolution of closed systems. In practice, every
quantum system interacts with the environment leading to an irreversible loss of coherence. The
Spin-Boson model (SBM) is central to the understanding of the fundamental process of decoherence
of a two-state quantum system interacting with a bosonic heat bath but the nature of transient dy-
namics in the presence of hybrid diagonal and off-diagonal system-bath interactions remains largely
unexplored. Here, we investigate how the hybrid system-bath interactions of an Ohmic environment
induce localization in the bias-free SBM. For strong coupling to the environment, localization is
strongly affected by a dynamically generated bias via the renormalization of the tunneling ampli-
tude. We find that counteractive effects of Hamiltonian parameters on non-exponential short-time
dynamics and long-time population equilibration can lead to a separation of timescales and non-
equilibrium quantum coherent dynamics that can persist even for ultra-strong system-bath interac-
tion. The findings offer novel opportunities to exploit coherence as a resource in quantum devices
operating in the ultra-strong coupling regime.
PACS numbers: Valid PACS appear here
I. INTRODUCTION
The Spin-Boson model (SBM) is paradigmatic for de-
scribing most important physical and chemical processes,
like proton transfer in liquid phase [1], electron transfer
and exciton transport in biological environments [2, 3]
and tunneling in macroscopic two-state systems [4]. De-
spite its conceptual simplicity, distinct regimes of system-
bath interaction strength α characterize its complex dy-
namics and ground state properties. For Ohmic dissi-
pation and low temperature (T → 0), coherent dynam-
ics is observed at weak system-environment interaction
strength (α . α∗ ≈ 0.5) [5], mediated by tunneling am-
plitude ∆0. Incoherent decay arises for strong coupling
to the environment (α∗ . α . αc ≈ 1+O(∆0/ωc))[6]. In
both, the weak and strong coupling regime, the equilib-
rium ground state is delocalized. Ultra-strong coupling
to the environment is realized for α > αc. In this regime,
the tunneling amplitude renormalizes to zero (∆r → 0)
and induces a freezing of the dynamics at initial con-
figuration [7, 8]. As a consequence, the ground state
in the ultra-strong coupling regime is localized, yield-
ing the delocalized-to-localized BKT phase transition at
α = αc [5, 9, 10]. Recent realizations of the ultra-strong
coupling regime of light-matter interaction [11–13] have
spurred renewed interest in the SBM [8, 12, 14].
The environment affects the two-state quantum system
of the SBM via the bath induced fluctuations of localized
states (i.e. eigenstates of σz, cf. eq. 1), inducing popu-
lation relaxation and dephasing [15]. The influence of
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Schiller-Universita¨t Jena, D-07743 Jena, Germany
†Electronic address: fingerhut@mbi-berlin.de
non-diagonal system-bath interactions on the tunneling
amplitude ∆0 is less well understood. Early work by
Laird, Budimir, and Skinner investigated a model of two
nondegenerate quantum states coupled linearly and off-
diagonally to a bath [16]. Their findings of strictly non-
zero population excitation rates were later confirmed by
Reichman and Silbey [17]. Ground state properties of the
off-diagonal SBM have been investigated [18–20]. Partic-
ular importance of diagonal and off-diagonal contribu-
tions to the system-bath interaction was demonstrated
recently via the finding of persistent steady state coher-
ences in absence of a bare tunneling amplitude ∆0 [18].
The nature of the transient dynamics in presence of
hybrid diagonal and non-diagonal system-bath interac-
tion remains largely unexplored. Here, we demonstrate
the emergence of coherent dynamics facilitated by hybrid
system-bath interactions that can persist even for ultra-
strong coupling to the environment. We start by describ-
ing the numerical treatment of the off-diagonal SBM with
hybrid system-environment interactions (Sec. II). Equi-
librium localization is analyzed for high and low tempera-
ture in Sec. III, revealing counteractive effects of Hamilto-
nian parameters on non-exponential short-time dynamics
and long-time population equilibration. Exploiting the
counteractive control parameters, a timescale separation
in short and long-time dynamics can impose quantum
coherent dynamics even at ultra-strong system-bath in-
teraction (Sec. IV). Oscillation frequency and dephasing
behavior are rationalized with help of the off-diagonal
primary reaction coordinate (PRC) model that facilitates
analytical access in the limit of ultra-slow dissipation
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2II. OFF-DIAGONAL SPIN BOSON MODEL
We consider the symmetric SBM where a degenerate
two-state (spin) system interacts bi-linearly with a har-
monic reservoir via diagonal and off-diagonal interactions
H = ∆02 σx +
∑
i ωia
†
iai +
bI+cosϕσz+sinϕσx
2
∑
i ciXi. (1)
Here, σα with α = x, z denote Pauli matrices and ai(a
†
i )
are annihilation (creation) operators of bosonic modes
with frequencies ωi and Xi = ai + a
†
i . The mixing angle
ϕ interpolates between pure diagonal (ϕ = 0) and pure
off-diagonal (ϕ = pi/2) coupling to the environment. The
term bI
∑
i ci(ai+a
†
i ) shifts the origin of bath oscillators
and controls their equilibrium displacement. It is well un-
derstood that for diagonal coupling to the environment
(ϕ = 0) and ergodic system-environment dynamics ini-
tial preparation effects via parameter b are insignificant.
In absence of initial system-bath correlations, the sys-
tem relaxes to thermal equilibrium independent of the
initially prepared state [15]. As we will show, the term
bI
∑
i ci(ai + a
†
i ) takes a crucial role in affecting non-
equilibrium dynamics for ϕ 6= 0.
The environment is characterized by the spectral den-
sity J(ω) ≡ pi2
∑
j
c2i
mjωj
δ(ω−ωj). We consider Ohmic dis-
sipation with Lorentzian high frequency cut-off, J(ω) =
2piαωω2c/(ω
2 + ω2c ), where α characterizes the system-
bath interaction strength and the cut-off frequency ωc is
related to the inverse of Drude memory time τD = 1/ωc
[8, 15].
Observables are determined by the reduced density
matrix ρ˜(t) = TrB
[
e−iHtρ(0)eiHt
]
. Employing factor-
ized initial conditions and assuming the bath in ther-
mal equilibrium, ρ˜(t) was evaluated numerically for ini-
tial condition ρ˜(0) = |+〉〈+| (|±〉 denote eigenstates of
σz) with the non-perturbative quasi-adiabatic propaga-
tor path integral method [21–23]. Mask assisted coarse
graining of influence coefficients (MACGIC-QUAPI) [24]
facilitates access to long-time non-Markovian system-
bath correlations. The algorithm exploits a finite mem-
ory time τM ∝ τD characterizing non-Markovian mem-
ory time scale and uses a coarse grained representation
of the influence functional (represented by mask of size
keff ) for computational efficiency. By decreasing the size
of the Trotter time-step ∆t and increasing memory time
τM = ∆kmax∆t convergence to numerically exact re-
sults is obtained via an increase in the number of coarse
grained quadrature points (keff → ∆kmax) and a de-
crease in filter threshold (θ → 0), details are given in
Refs. 24, 25 (see SI for convergence of numerical simula-
tions).
III. EQUILIBRIUM LOCALIZATION WITH
OFF-DIAGONAL SYSTEM-ENVIRONMENT
INTERACTIONS
Fig.1a demonstrates the impact of hybrid system-
environment interaction on non-equilibrium dynamics in
the strong coupling regime at high temperature (α &
α∗(T )≈ ∆r/(pikBT ), kBT ' ∆r with renormalized
tunneling amplitude ∆r [5]). Two distinct dynamical
regimes can be identified: ultra-fast universal decoher-
ence is reflected in non-exponential decay [26–28] and
is followed by relatively slower long-time equilibration
dynamics. The amplitude of ultra-fast non-exponential
decay shows pronounced sensitivity to the non-diagonal
interaction (ϕ 6= 0). It is apparent from Fig.1a that the
off-diagonal system-environment interaction (ϕ 6= 0) also
affects the equilibrium ground state Pz(t→∞), i.e., the
system equilibrates to a localized state (Pz(t→∞) 6= 0)
even in absence of a bare bias (cf. eq.1). In principle, two
distinct effects determine equilibrium localization: (i) an
effective bias ̂ = ∆0 sinϕ is generated via a rotation of
basis due to non-diagonal system environment interac-
tion [30, 31] (see also SI, eq. S1-S3); (ii) renormalization
of the tunneling amplitude ∆0 due to the strong interac-
tion with the environment affects the dressed Hamilto-
nian [15]. A priori, the relevance and interdependence
of both effects is unclear and has not been explored nu-
merically.
We find that Pz(t → ∞) shows a strong dependence
on ϕ and increases with coupling strength α (Fig.1d).
Localization for ϕ 6= 0 is determined by the amplitude of
ultra-fast non-exponential decay and long-time exponen-
tial dynamics. The latter is characterized by the popu-
lation relaxation rate Γ̂ which decreases with increasing
α [15] and additionally is a non-monotonic function of
ϕ that decreases as ϕ → pi/2 (Fig.1b). The pure de-
phasing case is realized for ϕ = pi/2 where the tunneling
amplitude, and consequently Γ̂ vanishes.
Equilibrium localization was analyzed by extending
a generalized master equation approach [5, 29] to de-
rive approximate solutions of exponential long-time dy-
namics in presence of diagonal and non-diagonal system-
environment interaction (ϕ 6= 0). We therefore unitarily
transform the Hamiltonian (eq.1) H → Ĥ = U†HU with
U = exp(−iϕ2 σy), where U diagonalizes the system-bath
interaction [30]. Ĥ takes the form of the ordinary SBM
with transformed initial conditions and transformed pa-
rameters ̂ = ∆0 sinϕ and ∆̂ = ∆0 cosϕ. Note that U is
defined in space of system-bath interaction and does not
necessarily diagonalize the system part of eq. 1 as both
contributions to the total Hamiltonian do not commute.
Approximate solutions for long-time dynamics were ob-
tained in transformed basis, followed by reverse transfor-
mation. In the overdamped regime this yields exponen-
tial dynamics
Pz(t) ≈ (A−B tanh(−βE/2))e−Γ̂t +B tanh(−βE/2)
(2)
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FIG. 1: a. Impact of hybrid system-bath interaction on short-time and long-time dynamics: population difference Pz(t) =
TrB [σz ρ̂(t)] for diagonal (ϕ = 0) and hybrid diagonal and off-diagonal coupling (ϕ 6= 0) in the overdamped regime (α > α∗(T ),
see SI for non-equilibrium dynamics at weak system-bath interaction and ϕ = 0 (α . α∗(T ) ≈ ∆r/(pikBT )). b. Population
relaxation rate Γ̂ for varying system-bath interaction strengths α, Γ̂ is obtained via an exponential fit of the late-time dynamics
(see SI). c. Population difference P ′z(t→∞) in intermediate, transformed basis (cf. SI, eq. S.1-S.3) as function of mixing angle
ϕ and for various values of α (dots). The dashed line gives the analytical results with effective bias ̂ = ∆0 sinϕ due to basis
rotation. Note that numerical values for varying α almost perfectly coincide. d. Pz(t → ∞) as function of mixing angle ϕ
and for various values of α, dots and dashed lines represent numerical data and analytical results (eq.3 with F = (ωcβ)
−α),
respectively. Simulations are performed at kBT ≈ 0.12ωc ' ∆r (T = 100K) and ∆0 = 0.2 ωc, b = 0, cf. SI, Table S1.
with amplitudes
A = (1−F )
2 sin2 ϕ cos2 ϕ
sin2 ϕ+F 2 cos2 ϕ
, B = (1−F ) sinϕ cosϕ√
sin2 ϕ+F 2 cos2 ϕ
(3)
where E ≡
√
̂2 + ∆̂2r, β ≡ 1/(kBT ) and F ≡ ∆̂r/∆0
(see SI for derivation).
From eq. 2-3 we find that equilibrium localization am-
plitude Pz(t → ∞) = B tanh(−βE/2) crucially depends
on the renormalization factor F . In the weak coupling
regime the renormalization effect is weak (F ≈ 1) and
B is vanishingly small. Thus, localization in absence
of a bare bias arises due to a dynamically generated
bias via the renormalized tunneling amplitude ∆̂r at
strong coupling to the environment. We note that the
dynamically generated bias is distinct from the bias ̂
due to rotation of bare Hamiltonian parameters. This
becomes evident from the fact that localization does
not maximize near ϕ = pi/2, instead at high tempera-
ture we find that Pz(t → ∞) maximizes near ϕ = pi/4
(Fig. 1d). For comparison, Fig.1c show the population
difference P ′z(t→∞) in intermediate, transfomred basis
with the effective bias ̂ due to rotation of bare Hamilto-
nian where localization maximizes for ϕ = pi/2 [15, 31].
Excellent agreement is found for Pz(t → ∞) obtained
from numerical simulations and as predicted by eq. 3
where the renormalization effect via F is taken into ac-
count (Fig.1d, see also SI, Fig.S3 for Px(t → ∞) depen-
dence on ϕ). At high temperature and strong coupling,
∆̂r = ∆̂(ωcβ)
−α [32, 33] which yields a non-zero decay
rate Γ̂ ∝ ∆20 cos2 ϕ(ωcβ)−2α and further confirms the nu-
merically observed behavior (Fig.1b).
In the off-diagonal case at low temperature (ϕ 6= 0,
kBT → 0), the finite population relaxation rate Γ̂ pre-
vails at weak and strong coupling due to a non-vanishing
renormalized tunneling amplitude ∆̂r = ∆̂(∆̂/ωc)
α/(1−α)
[5, 32]. Nevertheless, eqs. 2-3 predict localization for
ϕ 6= 0 (Pz(t → ∞) ≈ B tanh(−βE/2) 6= 0 with
∆̂r = ∆̂(∆̂/ωc)
α/(1−α)) that was confirmed numerically
(Fig. 2b). Such findings contrast with the localization
behavior induced by the effective bias ̂ = ∆0 sinϕ gen-
erated via basis rotation (Fig. 2a) and the bias-free SBM
(ϕ = 0) subject to Ohmic dissipation that shows delo-
calization in weak and strong coupling regimes (Pz(t →
∞) = 0 for α . α∗ ≈ 0.5 and α∗ . α . αc ≈
1 +O(∆0/ωc) [6]).
At ultra-strong coupling and low temperature the tun-
neling amplitude renormalizes to zero for ϕ = 0 (∆r → 0,
α & αc ≈ 1 +O(∆0/ωc), kBT → 0) [7, 8] which leads to
freezing of the population at the initial configuration and
formation of a localized phase.[6] For ϕ 6= 0, ∆r → 0 be-
4FIG. 2: (a.) Population difference P ′z(t → ∞) in intermediate, transformed basis (cf. SI, eq. S.1-S.3) as function of mixing
angle ϕ at low T → 0 for α < αc. Pz(t → ∞) as a function of ϕ at low T → 0 for α < αc (b.) and α > αc (c.). Dots and
dashed line mark numerical and analytical results (eq.3 with F = 0), respectively. d. Sketch of the localized-to-localized phase
transition in the off-diagonal SBM. Phase I (α < αc) shows finite values of Pz(t → ∞) for ϕ 6= 0 and dependence on α, ϕ,
and ∆0/ωc. In phase II (α > αc), Pz(t → ∞) is determined by ϕ but independent of α and ∆r. In numerical simulations
∆0/ωc = 0.1, b = 0 and kBT ≈ 0.0003ωc (T ≈ 0.05K), cf. SI, Table S2-S5.
havior is preserved (F = 0, eq.3) beyond the same value
of αc [48]. Accordingly, Γ̂→ 0 for α > αc and the mech-
anism leading to freezing of the dynamics in the SBM
[9, 10] is conserved for ϕ 6= 0. Localization amplitude
Pz(t→∞) = A = cos2 ϕ (obtained upon inserting Γ̂ = 0
and F = 0 in eq.3) is confirmed with excellent accuracy
in numerical simulations (Fig.2c).
As a first important result we thus find a BKT phase
transition for α ≈ αc and all values of ϕ, however, for
ϕ 6= 0 the transition is between distinct localized phases
I and II (Fig.2d) with different localization mechanism
and ground state. In phase I (α < αc), equilibrium prop-
erties depend on ∆0/ωc, α and ϕ. Localization arises
due to a dynamically generated bias via the renormal-
ization of ∆̂r transcending behavior of the SBM in the
weak coupling regime. In phase II (α > αc) ∆0/ωc be-
come irrelevant. Localization sensibly depends on ϕ but
is found to be independent of α [49]. In both phases, the
term bI
∑
i ci(ai + a
†
i ) (eq.1) has no effect on long-time
dynamics, i.e., Γ̂ and Pz(t→∞).
The population relaxation rate Γ̂ decreases with in-
creasing α and ϕ → pi/2 (Fig.1b). In contrast, we ob-
serve for any temperature an acceleration of short-time
dynamics as α increases and ϕ→ pi/2 (SI, Fig.S4). Such
counteractive effects of α and ϕ on short- and long-time
dynamics can be exploited for control of dynamics be-
yond the scope of the ordinary SBM with Ohmic dissi-
pation.
IV. COHERENT DYNAMICS AT
ULTRA-STRONG SYSTEM-ENVIRONMENT
INTERACTION
Fig.3 presents non-equilibrium dynamics of the off-
diagonal SBM (ϕ 6= 0) with ultra-strong coupling (α >
αc, kBT ≈ 0.0003ωc). For diagonal system-bath interac-
tion (ϕ = 0) the dynamics remains frozen in the initial
configuration. In contrast, for ϕ 6= 0 nontrivial short-
time dynamics precedes freezing of dynamics for α > αc.
Interestingly, such short-time dynamics can be oscilla-
tory for ϕ 6= 0 and b 6= 0, despite the ultra-strong in-
teraction strength (Fig.3a,b). At the origin of oscilla-
tory short time dynamics is a timescale separation, i.e.,
particularly fast short-time dynamics and slow long-time
equilibration due to counteractive effects of parameters
α, ϕ and b on system, interaction and bath part of the
Hamiltonian (eq. 1). Universal decoherence [27] imposes
non-exponential short-time dynamics that is independent
of the system Hamiltonian but strongly affected by the
details of the system bath interaction and the bath (α,
tanϕ and b). For any temperature we observe acceler-
ation of the short-time dynamics as α increases, ϕ ap-
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FIG. 3: Non-equilibrium dynamics at low temperature in the ultra-strong coupling regime (α > αc) for various values ϕ
(a.) and α (b.). Solid lines represent MACGIC-QUAPI simulations and dots mark OFP simulations (see SI). Dependence of
oscillation frequency Ω0 (c.) and damping constant γ (d.) on coupling strength α. In all simulations ∆0 = 0.1ωc, b = 4 and
T ≈ 0.05K, cf. SI, Table S6.
proaches pi/2 and b increases (SI, Fig.S4). Parameter b
of the bath Hamiltonian is thus a new relevant parame-
ter for the off-diagonal SBM. Conversely, α and ϕ affect
the system dynamics (population relaxation and dephas-
ing) via basis rotation and renormalization of tunneling
amplitude ∆0.
Observed dynamics exhibits the following characteris-
tics: (i) the oscillation amplitude sensibly depends on
ϕ (Fig.3a); (ii) the oscillation frequency increases lin-
early with increasing α (Fig.3b,c) and b (SI, Fig.S6); (iii)
short-time dynamics is independent of ∆0/ωc and insen-
sitive to a further lowering of T (SI, Fig.S5) which reflects
the quantum coherent origin of universal decoherence for
ϕ 6= 0. The oscillatory dynamics has thus a fundamen-
tally different origin than the one observed in the weak
coupling regime (α < α∗) where oscillation frequency is
determined by ∆r.
We find that the fit-function
Pz(t) ≈ cos2 ϕ+sin2 ϕ cos(Ω0t+Ω1t2 +Ω2t3)e−γ2t2 (4)
accurately describes the dynamics. The cos2 ϕ term ac-
counts for long-time behavior (Pz(t→∞)), Ω0 describes
the leading order oscillation frequency, Ω1,2 account for
temporal modulation of Ω0 and sin
2 ϕ determines the
amplitude. The latter vanishes for ϕ = 0 rendering off-
diagonal coupling necessary for emerging coherences. A
fit of the dynamics reveals a linear increase of Ω0 with
α (Ω0 ∝ b αωc, Fig.3c) which partially resembles oscilla-
tory behavior of sub-Ohmic environments [34]. Oscilla-
tions decay with exp[−γ2t2] where damping constant γ
increases sub-linearly with α (γ = γ0α
k ωc with k ≈ 0.7;
Fig.3d), thus, forming the essence of persistence of os-
cillations for increasing α (Fig.3b). The observed sub-
exponential damping is distinct from the reported super-
exponential to algebraic decay for diagonal system bath
interaction [28].
Microscopic origin of oscillatory short-time dynamics
was rationalized via a off-diagonal PRC model that cou-
ples electronic states |±〉 to a primary coordinate Q that
in turn couples to a dissipative Ohmic environment [35–
37]:
H = 1
2
∆0σx + Ω̂
2κ
2
(cosϕσz + sinϕσx + b)Q+HQ +HB
HB =
∞∑
j=0
 p2j
2mj
+
1
2
mjω
2
j
(
qj − gjQ
mjω2j
)2 (5)
and HQ = 12
(
P 2 + Ω̂2Q2
)
. Canonical transformation
Q =
∑
j vjqj allows to map eq.5 onto the off-diagonal
SBM (eq.1) [38] with tanϕ being a measure of non-
Condon effects [39, 40].
In the limit of ultra-slow dissipation (ultra-strong cou-
pling), the approximate time-evolution of a vibronic
wavepacket in the PRC (eq.5) confirms the leading or-
der oscillatory behavior (cf. SI for analytical treatment).
The oscillation frequency Ω0 grows linearly with bα, the
amplitude of the leading order term being sin2 ϕ that is
damped via γ which shows sub-linear dependence on α.
V. CONCLUSIONS
The close agreement between analytical and numeri-
cal findings suggests a picture where oscillatory dynam-
ics, preserved in the ultra-strong coupling regime, arises
via non-Condon effects mediated by a PRC contained in
6the Ohmic spectral density. This suggests a dominant
short-time relaxation channel of the off-diagonal SBM
where the initially excited state strongly interacts with
mode Q. From the perspective of the SBM this implies
that at ultra-strong coupling in the short-time regime
the system interacts primarily with a few bath modes.
The finite (non-Markovian) relaxation timescale of the
Ohmic spectral density constitutes a “sluggish” environ-
ment and prevents uniform dissipation, thus, imposing
a separation of timescales. The non-equilibrium state
of the PRC is prevented from instantaneous dissipation
into the bath and the electronic system becomes suscep-
tible to re-excitation, resulting in oscillatory short-time
dynamics that can not be rationalized via bare tunnel-
ing amplitude ∆0. The particular high efficiency of the
off-diagonal mediated dissipation channel has far reach-
ing relevance for ultrafast condensed phase (molecular)
relaxation where the importance of non-Condon effects
was stressed in molecular vibronic photo-relaxation [41–
43] [50].
The prediction of quantum coherent dynamics in the
ultra-strong coupling regime is readily amenable to ex-
perimental verification in various platforms [12]. In cir-
cuit QED, the ultra-strong coupling regime with strong
system-bath entanglement was demonstrated [14] and
control over the longitudinal-to-transverse coupling ratio
tanϕ is provided via Josephson and charging energies;
experimental manipulation of the displacement parame-
ter b can be achieved via the gate charge [44]. SQUID
devices [4] provide access to variations of ∆0 and thus
control over the amplitude of off-diagonal induced steady
state coherences and localization in the weak and strong
coupling regime.
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